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Abstract
In this article we first survey the analogy between Shimura varieties (resp. Rapoport-
Zink spaces) and moduli stacks for global G-shtukas (resp. Rapooprt Zink spaces for
local P-shtukas). This part is intended to enrich the dictionary between the arithmetic
of number fields and function fields a bit further. Furthermore, to complete this pic-
ture, we also study some local properties of Rapoport-Zink spaces for local P-shtukas
by constructing local models for them. This provides a “local” complementary to a
previous work of the author, which was devoted to the study of the local models for
the moduli stacks of global G-shtukas. We also discuss some of its applications.
Mathematics Subject Classification (2000): 11G09, (11G18, 14L05, 14M15)
Contents
1 Notation and Conventions 4
2 Preliminaries 6
3 The Analogy between Shimura varieties and moduli of G-shtukas 10
3.1 Local Shimura data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.2 Local Models for Rapoport-Zink spaces . . . . . . . . . . . . . . . . . . . . . 11
3.3 Points of Shimura varieties mod p and uniformization theory . . . . . . . . . 13
3.4 The analogous picture over function fields . . . . . . . . . . . . . . . . . . . 14
3.4.1 Rapoport-Zink spaces for local P-shtukas and their local models . . . 16
3.4.2 Points of moduli of G-shtukas mod ν and uniformization theory . . . 19
3.4.3 Proof of the local model theorem for Rapoport-Zink spaces for local
P-shtukas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1
CONTENTS 2
4 Some applications of the local model 24
4.1 Local properties of R-Z spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.2 Kottwitz-Rapoport stratification . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.3 Semi-simple trace of Frobenius . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.4 Lang’s cycles on Mˇη . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
References 29
Introduction
Recall that Shimura varieties come equipped with many symmetries. The significance of
these symmetries is that they encode lots of arithmetic data. Furthermore, for wide range
of cases, they appear as moduli spaces for motives, according to Deligne’s conception of
Shimura varieties [Del70] and [Del71]. From this perspective, it is expected that the Lang-
lands correspondence will be realized on their cohomology.
There is an analogous picture over function fields. Let P be a smooth affine group scheme
of finite type over D = Fq[[z]] with connected reductive generic fiber. A Rapoport-Zink space
for local P-shtukas parametrizes (bounded) local P-shtukas together with a quasi-isogeny to
a fixed local P-shtuka L. To justify the naming, recall that local P-shtukas are function fields
analogs for p-divisible groups. The Rapoport-Zink spaces are local counterparts of Shimura
varieties, which in particular indicates that local Langlands correspondence may eventually
be realized on their cohomology.
In contrast with number fields side, one may view Rapoport-Zink spaces for local P-shtukas
(resp. moduli stacks of global G-shtukas) as function fields analogs for Rapoport-Zink spaces
for p-divisible groups (resp. Shimura varieties).
The Rapoport-Zink spaces for local P-shtukas were first constructed and studied in [HV11]
for constant group P, i.e. P = G ×Fq D for a split reductive group G over Fq, and then
have been generalized to the case where P is only a smooth affine group scheme over D with
connected reductive generic fiber in [AraHar14].
In this article we discuss some aspects of the above analogy, including uniformization
theory and local model theory. This part is intended to enrich the dictionary between the
arithmetic of number fields and function fields a bit further. In addition, to complete this
picture, we also study local geometry of the Rapoport-Zink spaces for local P-shtukas. This
is done by constructing local models for them; see Theorem 3.12. From this perspective,
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this article provides a short “local” complementary to [AraHab16], where the authors es-
tablished the theory of local models for moduli of global G-shtukas, both in the sense of
Beilinson-Drinfeld-Gaitsgory-Varshavsky, and also in the sense of Rapoport-Zink, in the fol-
lowing general setup. Namely, in [AraHab16] the authors treat the case where G is a smooth
affine group scheme over a smooth projective curve C over Fq. Here we also treat the gen-
eral case, namely, we only assume that P is a smooth affine group scheme over D. It can be
easily seen that this assumption can not be weakened further. The local model theorem for
Rapoport-Zink spaces for local P-shtukas has several immediate consequences. We discuss
some of these applications in the last chapter 4. Obviously, it clarifies type of singularities in
certain cases. It also helps to answer the questions related to flatness. Recall that although
the flatness of Rapoport-Zink spaces had been expected by Rapoport and Zink in [RZ96],
it was later observed that the flatness might fail in general. According to this observation,
they introduced the notation Mnaive for the corresponding local model. To achieve the flat-
ness, one should apply certain modifications which leads to the construction of the true local
model Mloc inside Mnaive. For the corresponding question for the moduli stacks of global G-
shtukas see [AraHab16, Chapter 4]. Similarly, the local model for Rapoport-Zink spaces for
local P-shtukas provides a criterion for flatness of these spaces over their reflex rings. Apart
from local consequences of the local model theory, it has also some global consequences.
This is because the local model diagram is defined globally. For example, it can be used to
construct Kottwitz-Rapoport stratification on the special fiber of Rapoport-Zink spaces for
local P-shtukas, which is useful for cohomology computations. Moreover, the local model
theory can be implemented to study the semi-simple trace of Frobenius on the cohomology of
these spaces, namely, by relating it to the better understood semi-simple trace of Frobenius
on the cohomology of certain Schubert varieties (given by local boundedness conditions) in-
side twisted affine flag varieties, see [HRi1]. The theorem can further be applied to produce
certain cycles in the cohomology of the generic fiber of the Rapoport-Zink spaces for local
P-shtukas, see section 4.
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1 Notation and Conventions
Throughout this article we denote by
Fq a finite field with q elements of characteristic p,
C a smooth projective geometrically irreducible curve over Fq,
Q := Fq(C) the function field of C,
Q the ring of rational numbers,
Qp the field of p-adic numbers for a prime p ∈ Z,
A := AQ the ring of rational adeles associated with Q,
Af the ring of finite adeles,
A
p
f the ring of finite adeles away from p,
F a finite field containing Fq,
Â := F[[z]] the ring of formal power series in z with coefficients in F ,
Q̂ := Frac(Â) its fraction field,
ν a closed point of C, also called a place of C,
Fν the residue field at the place ν on C,
Aν the completion of the stalk OC,ν at ν,
Qν := Frac(Aν) its fraction field,
DR := SpecR[[z]] the spectrum of the ring of formal power series in z with coefficients in
an F-algebra R,
DˆR := Spf R[[z]] the formal spectrum of R[[z]] with respect to the z-adic topology.
For a formal scheme Ŝ we denote by NilpŜ the category of schemes over Ŝ on which an
ideal of definition of Ŝ is locally nilpotent. We equip NilpŜ with the e´tale topology. We also
denote by
n ∈ N>0 a positive integer,
ν := (νi)i=1...n an n-tuple of closed points of C,
A
ν
C the ring of rational adeles of C outside ν,
Aν the completion of the local ring OCn,ν of Cn at the closed point ν = (νi),
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NilpAν := NilpSpf Aν the category of schemes over C
n on which the ideal defining the closed
point ν ∈ Cn is locally nilpotent,
NilpF[[ζ]]:= NilpDˆ the category of D-schemes S for which the image of z in OS is locally
nilpotent. We denote the image of z by ζ since we need to distinguish it
from z ∈ OD.
G a smooth affine group scheme of finite type over C,
Pν := G×C SpecAν , the base change of G to SpecAν ,
Pν := G×C SpecQν , the generic fiber of Pν over SpecQν ,
P a smooth affine group scheme of finite type over D = SpecF[[z]],
P the generic fiber of P over SpecF((z)).
Let S be an Fq-scheme and consider an n-tuple s := (si)i ∈ Cn(S). We denote by Γs the
union
⋃
i Γsi of the graphs Γsi ⊆ CS.
For an affine closed subscheme Z of CS with sheaf IZ we denote by DS(Z) the scheme ob-
tained by taking completion along Z. Moreover we set D˙S(Z) := DS(Z)×CS (CS r Z).
We denote by σS : S → S the Fq-Frobenius endomorphism which acts as the identity on the
points of S and as the q-power map on the structure sheaf. Likewise we let σˆS : S → S be
the F-Frobenius endomorphism of an F-scheme S. We set
CS := C ×Spec Fq S , and
σ := idC ×σS .
Assume that the generic fiber P of P over SpecF((z)) is connected reductive. Consider
the base change PL of P to L = F
alg((z)). Let S be a maximal split torus in PL and let T
be its centralizer. Since Falg is algebraically closed, PL is quasi-split and so T is a maximal
torus in PL. Let N = N(T ) be the normalizer of T and let T 0 be the identity component of
the Ne´ron model of T over OL = Falg[[z]].
The Iwahori-Weyl group associated with S is the quotient group W˜ = N(L)/T 0(OL). It
is an extension of the finite Weyl group W0 = N(L)/T (L) by the coinvariants X∗(T )I under
I = Gal(Lsep/L):
0→ X∗(T )I → W˜ →W0 → 1.
By [HR03, Proposition 8] there is a bijection
L+P(Falg)\LP (Falg)/L+P(Falg) ∼−→ W˜ P\W˜/W˜ P (1.1)
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where W˜ P := (N(L)∩P(OL))/T 0(OL), and where LP (R) = P (R[[z]]) and L+P(R) = P(R[[z]])
are the loop group, resp. the group of positive loops of P; see [PR08, § 1.a], or [BD, §4.5],
[NP] and [Fal03] when P is constant. Let ω ∈ W˜ P\W˜/W˜ P and let Fω be the fixed field
in Falg of {γ ∈ Gal(Falg/F) : γ(ω) = ω}. There is a representative gω ∈ LP (Fω) of ω; see
[AraHar14, Example 4.12]. The Schubert variety S(ω) associated with ω is the ind-scheme
theoretic closure of the L+P-orbit of gω in FℓP ×̂F Fω. It is a reduced projective variety over
Fω. For further details see [PR08] and [Ric13a].
2 Preliminaries
Let F be a finite field and F[[z]] be the power series ring over F in the variable z. We let P be
a smooth affine group scheme over D := SpecF[[z]] with connected fibers. Set D˙ := F((z)).
Definition 2.1. The group of positive loops associated with P is the infinite dimensional
affine group scheme L+G over F whose R-valued points for an F-algebra R are
L+P(R) := P(R[[z]]) := P(DR) := HomD(DR,P) .
The group of loops associated with P is the fpqc-sheaf of groups LP over F whose R-valued
points for an F-algebra R are
LP := P (R((z))) := P (D˙R) := HomD˙(D˙R, P ) ,
where we write R((z)) := R[[z]][1
z
] and D˙R := SpecR((z)). It is representable by an ind-scheme
of ind-finite type over F; see [PR08, § 1.a], or [BD, §4.5], [NP], [Fal03] when P is constant.
Let H 1(SpecF, L+P) := [SpecF/L+P] (respectively H 1(SpecF, LP ) := [SpecF/LP ]) de-
note the classifying space of L+P-torsors (respectively LP -torsors). It is a stack fibered in
groupoids over the category of F-schemes S, whose category
H
1(SpecF, L+P)(S)
consists of all L+P-torsors (resp. LP -torsors) on S. The inclusion of sheaves L+P ⊂ LP
gives rise to the natural 1-morphism
H
1(SpecF, L+P) −→ H 1(SpecF, LP ), L+ 7→ L . (2.2)
Definition 2.2. The affine flag variety FℓP is defined to be the ind-scheme representing the
fpqc-sheaf associated with the presheaf
R 7−→ LP (R)/L+P(R) = P (R((z))) /P (R[[z]]) .
on the category of F-algebras; compare Definition 2.1.
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Remark 2.3. Note that FℓP is ind-quasi-projective over F according to Pappas and Rapoport
[PR08, Theorem 1.4], and hence ind-separated and of ind-finite type over F. The quotient
morphism LP → FℓP admits sections locally for the e´tale topology. Moreover, if the fibers
of P over D are geometrically connected, then FℓP is ind-projective if and only if P is a para-
horic group scheme in the sense of Bruhat and Tits [BT72, De´finition 5.2.6]; see [Ric13b,
Theorem A].
Recall that for p-divisible groups X and Y , one defines the following
(a) An isogeny f : X → Y is a morphism which is an epimorphism as fppf -sheaves and
whose kernel is representable by a finite flat group scheme over S.
(b) A quasi-isogeny is a global section f of the Zariski sheaf Hom(X, Y ) ⊗Z Q such that
n · f is an isogeny locally on S, for an integer n ∈ Z.
Let us now recall the analogous definition over function fields, where we instead have local
P-shtukas and quasi-isogenies between them.
Definition 2.4. (a) A local P-shtuka over S ∈ NilpF[[ζ]] is a pair L = (L+, τ) consisting
of an L+P-torsor L+ on S and an isomorphism of the associated loop group torsors
τˆ : σˆ∗L → L.
(b) A quasi-isogeny f : L → L′ between two local P-shtukas L := (L+, τ) and L
′ :=
(L′+, τ
′) over S is an isomorphism of the associated LP -torsors f : L → L′ such that
the following diagram
σˆ∗L τ //
σˆ∗f

L
f

σˆ∗L′ τ
′
// L′ .
becomes commutative.
(c) We denote by QIsogS(L,L
′) the set of quasi-isogenies between L and L′ over S.
(d) We let Loc − P − Sht(S) denote the category of local P-shtukas over S with quasi-
isogenies as the set of morphisms.
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Let us recall that quasi-isogenies of p-divisible groups are rigid in the following sense. Let
X and Y be p-divisible groups over S. Let S → S be a nilpotent thickening, i.e. a closed
immersion defined by a nilpotent sheaf of ideal. Then, the restriction QIsogS(X, Y ) →
QIsogS(X, Y ) between the set of quasi-isogenies is a bijection.
Likewise, local P-shtukas enjoy a similar rigidity property.
Proposition 2.5 (Rigidity of quasi-isogenies for local P-shtukas). Let S be a scheme in
NilpF[[ζ]] and let j : S¯ → S be a closed immersion defined by a sheaf of ideals I which is
locally nilpotent. Let L and L′ be two local P-shtukas over S. Then
QIsogS(L,L
′) −→ QIsogS¯(j
∗L, j∗L′), f 7→ j∗f
is a bijection of sets.
Proof. See [AraHar14, Proposition 2.11].
In the rest of this section we want to recall the notion of local boundedness condition,
introduced in [AraHar14, Definition 4.8].
Fix an algebraic closure F((ζ))alg of F((ζ)). For a finite extensions of discrete valuation rings
R/F[[ζ ]] with R ⊂ F((ζ))alg, we denote by κR its residue field, and we let NilpR be the
category of R-schemes on which ζ is locally nilpotent. We also set F̂ℓP,R := FℓP ×̂F Spf R
and F̂ℓP := F̂ℓP,F[[ζ]]. Before we can define (local) “boundedness condition”, let us recall that
F̂ℓP,R can be viewed as an unbounded Rapoport-Zink spaces for local P-shtukas. We explain
this in the next section. For now, consider the following functor
M : (NilpR)
o −→ Sets
S 7−→
{
Isomorphism classes of (L+, δ); where:
− L+ is an L
+P-torsor over S and
− a trivialization δ : L → LPS of the
associated loop torsors
}
.
Proposition 2.6. The ind-scheme F̂ℓP,R pro-represents the above functor.
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Proof. In order to illustrate how the representablity works, here we briefly sketch the proof,
and we refer the reader to [AraHar14, Theorem 4.4.] for further details. We assume that
R = F[[ζ ]]. Consider a pair (L+, δ) ∈ M(S). Choose an fppf -covering S ′ → S which
trivializes L+, then the morphism δ is given by an element g
′ ∈ LP (S ′). The image of
the element g′ ∈ LP (S ′) under LP (S ′) → F̂ℓP(S ′) is independent of the choice of the
trivialization, and since (L+, δ) is defined over S, it descends to a point x ∈ F̂ℓP.
Conversely let x be in F̂ℓP(S), for a scheme S ∈ NilpF[[ζ]]. The projection morphism
LP → FℓP admits local sections for the e´tale topology by [PR08, Theorem 1.4]. Hence over
an e´tale covering S ′ → S the point x can be represented by an element g′ ∈ LP (S ′). We let
(L′+, δ
′) = ((L+P)S′, g
′). It can be shown that it descends and gives (L+, δ) over S.
Here we recall the definition of local boundedness condition from [AraHar14, Definition 4.8].
Definition 2.7. (a) For a finite extension of discrete valuation rings F[[ζ ]] ⊂ R ⊂ F((ζ))alg
we consider closed ind-subschemes ẐR ⊂ F̂ℓP,R. We call two closed ind-subschemes
ẐR ⊂ F̂ℓP,R and Ẑ ′R′ ⊂ F̂ℓP,R′ equivalent if there is a finite extension of discrete
valuation rings F[[ζ ]] ⊂ R˜ ⊂ F((ζ))alg containing R and R′ such that ẐR ×̂Spf R Spf R˜ =
Ẑ ′R′ ×̂Spf R′ Spf R˜ as closed ind-subschemes of F̂ℓP,R˜.
(b) Let Ẑ = [ẐR] be an equivalence class in the above sense. The reflex ring RZˆ is defined
as the intersection of the fixed field of {γ ∈ AutF[[ζ]](F((ζ))
alg) : γ(Ẑ) = Ẑ } in F((ζ))alg
with all the finite extensions R ⊂ F((ζ))alg of F[[ζ ]] over which a representative ẐR of Ẑ
exists.
(c) We define a (local) bound to be an equivalence class Ẑ := [ẐR] of closed ind-subschemes
ẐR ⊂ F̂ℓP,R, such that
- all the ind-subschemes ẐR are stable under the left L
+P-action on FℓP and
- the special fibers ZR := ẐR ×̂Spf R Spec κR are quasi-compact subschemes of the
ind scheme FℓP ×̂F Spec κR.
Note that ZR arise by base change from a unique closed subscheme Z ⊂ FℓP ×̂F κR
Ẑ
.
This is because the Galois descent for closed subschemes of FℓP is effective. We call Z
the special fiber of the bound Ẑ. It is a projective scheme over κR
Ẑ
by [AraHar14,
Remark 4.3] and [HV11, Lemma 5.4], which implies that every morphism from a
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quasi-compact scheme to an ind-projective ind-scheme factors through a projective
subscheme.
(d) Let Ẑ be a bound with reflex ring RẐ . Let L+ and L
′
+ be L
+P-torsors over a scheme
S in NilpR
Ẑ
and let δ : L ∼−→ L′ be an isomorphism of the associated LP -torsors. We
consider an e´tale covering S ′ → S over which trivializations α : L+ ∼−→ (L+P)S′ and
α′ : L′+
∼−→ (L+P)S′ exist. Then the automorphism α
′ ◦ δ ◦ α−1 of (LG)S′ corresponds
to a morphism S ′ → LG ×̂F Spf RẐ . We say that δ is bounded by Ẑ if for any such
trivialization and for all finite extensions R of F[[ζ ]] over which a representative ẐR of
Ẑ exists the induced morphism S ′ ×̂R
Ẑ
Spf R→ LP ×̂F Spf R→ F̂ℓP,R factors through
ẐR. Furthermore we say that a local P-shtuka (L, τˆ) is bounded by Ẑ if the isomorphism
τˆ−1 is bounded by Ẑ. Assume that Ẑ = S(ω) ×̂F Spf F[[ζ ]] for a Schubert variety
S(ω) ⊆ FℓP , with ω ∈ W˜ ; see [PR08]. Then we say that δ is bounded by ω.
3 The Analogy between Shimura varieties and moduli
of G-shtukas
In this chapter we discuss some aspects of the analogy between Shimura varieties (resp.
Rapoport-Zink spaces) and their function fields counterparts, i.e. the moduli stacks of
global G-shtukas (Rapoport-Zink spaces for local P-shtukas). In particular we discuss the
analogy between the uniformization theory and local model theory for these moduli spaces.
Furthermore, we prove the local model theorem in last subsection 3.4.3 of this chapter.
3.1 Local Shimura data
Recall that a Shimura data (G, X,K) consists of
- a reductive group G over Q with center Z,
- G(R)-conjugacy class X of homomorphisms S→ GR for the Deligne torus S,
- A compact open sub-group K ⊆ G(Af ),
subject to certain conditions; see [Mil].
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Let us fix a prime number p and write K = Kp ·Kp for compact open subgroups Kp ⊆
G(Qp) and K
p ⊆ G(ApQ). The above data determine a reflex field E := E(G, X,K), and the
corresponding Shimura variety
ShK(G, X) = G(Q)\
(
X ×G(Af )/K
)
,
which admits a canonical integral model SK over reflex ring OE , for sufficiently small
Kp ⊆ G(ApQ); see [Kis].
Shimura varieties have local counterparts, which are called Rapoport-Zink spaces. They
arise from local Shimura data and, roughly speaking, parametrize families of quasi-isogenies
of p-divisible groups to a fixed one. Let us explain it a bit further.
Definition 3.1. A local Shimura data is a tuple (P, {µ}, [b]) consisting of
- a smooth affine group scheme P over Zp with a connected reductive generic fiber G
over Qp,
- a conjugacy class of a (minuscule) cocharacter µ : Gm → G,
- a class [b] in B(G, µ) of Kottwitz set of σ-conjugacy classes.
In particular the local Shimura data (P, {µ}, [b]) determines the reflex field E := Eµ,
which is the field of definition of the cocharacter µ. We set O = OE .
Assume that G splits over a tamely ramified extension and P is parahoric (i.e. the spe-
cial fiber Ps = PFp is connected). To such a data one associates a formal scheme Mˇ :=
Mˇ(P, [b], {µ}) over O (that up to some modifications is a moduli space for p-divisible
groups with additional structures). This is called Rapoport-Zink space, associated to the
local Shimura data (P, [b], {µ}). The underlying scheme Mˇred is a union of affine Deligne-
Lusztig varieties. For details we refer the reader to [RV] and [SW]. See also [Kim] and
Shen [She] for generalizations to the Rapoport-Zink spaces of Hodge type and abelian type,
respectively.
3.2 Local Models for Rapoport-Zink spaces
In [RZ96] the authors propose the following method to study local properties of Rapoport-
Zink spaces.
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Definition 3.2. Let F/Qp be a finite extension. A local model triple (G, {µ},P) over F
consists of the following data
- G is a reductive group over F ,
- {µ} is a conjugacy class of a cocharacter of G,
- P is a parahoric group scheme over OF .
We assume that G splits over a tamely ramified extension. One can associate to a local
model data (G, {µ},P), a variety A := A (G, {µ},P) over k := κE inside the affine flag
variety FℓP,k, with an action of P ⊗OF k. More explicitly A is the union ∪ω∈AdmP (µ)S(ω)
of affine Schubert varieties S(ω). Here
AdmP(µ) = {ω ∈ W˜
P\W˜/W˜P ;ω  tµ}.
Definition 3.3. A local model Mloc := Mloc(G, {µ},P) attached to a local model data
(G, {µ},P) is a projective scheme Mloc over OE , with generic fiber M
loc
η (resp. special fiber
Mlocs ) with an action of P ⊗OF OE , subject to the following conditions
- It is flat over OE with reduced special fiber,
- There is a P ⊗ k-equivariant isomrphism Mlocs
∼= A ,
- There is a GE-equivariant isomrphism M
loc
η
∼= GE/P{µ},
Note that in particular all irreducible components of Mloc ⊗ k are normal and Cohen-
Macaulay, see [PR08, Theorem 8.4]. The existence and uniqueness of Mloc is known for EL
and PEL cases. In general only the existence is known according to [PZ] and uniqueness
is not known; also compare [SW, Proposition 18.3.1], where the authors use an alternative
definition and then they serve uniqueness but not the existence!
According to the local model theory there is a local model roof
M˜
Mˇ M
loc,
π
⑧⑧
⑧⑧
⑧⑧
⑧⑧ πloc
❄
❄❄
❄❄
❄❄
(3.3)
where π : M˜ → Mˇ is a P-torsor and πloc is formally smooth of relative dimension dimP.
In particular for every x ∈ Mˇ(k) there is a y ∈Mloc(k) with ÔMˇ,x
∼= ÔMloc,y.
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3.3 Points of Shimura varieties mod p and uniformization theory
As we mentioned above, the Rapoport-Zink spaces are local counterparts for Shimura va-
rieties. In particular their ℓ-adic cohomology is supposed to eventually realize the local
Langlands correspondence, according to a conjecture of Kottwitz [Rap94].
The geometry of Shimura varieties and Rapoport-Zink spaces are related through local
model theory and uniformization theory. The underlying facts which play crucial role here
are as follows
(∗) The deformation space of an abelian variety is completely ruled by associated crystal
(according to Grothendieck-Messing theory), and
(∗∗) one can pull back an abelian variety A (resp. motive M) along a quasi-isogeny of
p-divisible groups ρ : X → A[p∞] (associated crystalline realization).
Let us assume that the local Shimura data (P, [bϕ], {µ}) arise from the integral model
SK for the Shimura variety corresponding to the Shimura data (G, X,K) and a morphism
ϕ : Q→ GG, from the quasi-motivic Galois gerb Q, see [Kis], to the neutral Galois gerb GG.
In this situation the Rapoport-Zink space is equipped with symmetries by a reductive group
Iϕ. Now, regarding the fact (∗∗), one can produce the uniformization map
∐
ϕ
Iϕ(Q)\Mˇ(G, [bϕ], {µ})×G(A
p
f )/K → SK
Furthermore, the uniformization theorem states that the above morphism induces an iso-
morphism after passing to the completion along certain subvarieties Tϕ,Kp ⊆ SK . For the
proof for the Shimura varieties of PEL-type see [RZ96][Chapter 6], and for generalizations
to Shimura varieties of Hode type and abelian type see [Kim] and [She], respectively.
Remark 3.4. Note that the uniformization theory provides a geometric meaning for the
Langlands-Rapoport description of the Fp-points of Shimura varieties, formulated in [LR87].
Let us now move to the analogous picture over function fields.
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3.4 The analogous picture over function fields
Here the shimura data (G, X,K), would be replace by a tuple (G, Zˆ, H), which is called
∇H -data.
Definition 3.5. A ∇H -data is a tuple (G, Zˆ, H) consisting of
- a smooth affine group scheme G over a smooth projective curve C over Fq,
- an n-tuple of (local) bounds Zˆ := (Zˆνi)i=1...n, in the sense of Definition 2.7, at the fixed
characteristic places νi ∈ C,
- a compact open subgroup H ⊆ G(AνC).
To such a data we associate a moduli stack ∇H,Zˆn H
1(C,G)ν parametrizing global G-
shtukas with level H-structure which are in addition bounded by Zˆ. Let us explain this
assignment a bit further. For this purpose, we first recall the definition of the moduli of
G-shtukas (without imposing boundedness conditions).
Definition 3.6. A global G-shtuka G over an Fq-scheme S is a tuple (G, s, τ) consisting
of a G-bundle G over CS, an n-tuple of (characteristic) sections s, and an isomorphism
τ : σ∗G|CSrΓs
∼−→ G|CSrΓs. We let ∇nH
1(C,G) denote the stack whose S-points is the
category of G-shtukas over S. Clearly there is a natural projection ∇nH 1(C,G)→ Cn. Set
∇nH
1(C,G)ν := ∇nH
1(C,G)×Cn Spf Aν .
The resulting moduli stack ∇nH 1(C,G)ν is an ind-algebraic stack. See [AraHar] for
further explanation regarding the ind-algebraic structure. Furthermore, this moduli stack
can be considered as a moduli for (C-)motives with G-structures. More precisely, for a
connected test scheme S in NilpAν there are e´tale
ων(−) : ∇H 1(C,G)ν(S)→ Funct⊗(RepG,ModAν
C
[π1(S,s)])
and crystalline
ωνi(−) : ∇H
1(C,G)ν(S)→ Loc− Pνi − Sht(S)
realization functors. The target of the first functor is the category of tensor functors from the
category of representations RepG to the categoryModAν
C
[π1(S,s)] of modules over A
ν
C [π1(S, s)],
where π1(S, s) denotes the algebraic fundamental group of S, with a geometric base point
s ∈ S. See [AraHar] or [AraHar16] for the constructions and properties of these functors.
Note that the set of morphisms of both categories ∇H 1(C,G)ν(S) and Loc− Pνi − Sht(S)
can be enlarged to the set of quasi-isogenies.
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Using tannakian formalism, we can equip the moduli stack ∇H 1(C,G)ν of global G-
shtukas with H-level structure, for a compact open subgroup H ⊆ G(AνQ); details are ex-
plained in [AraHar, Chapter 6]. Here we only recall the definition.
Definition 3.7 (H-level structure). Assume that S ∈ NilpÂν is connected and fix a ge-
ometric point s of S. Let π1(S, s¯) denote the algebraic fundamental group of S. For
a global G-shtuka G over S let us consider the set of isomorphisms of tensor functors
Isom⊗(ων(G)(−), ω◦(−)), where ω◦ : RepAν
C
G → ModAν
C
denote the neutral fiber functor.
The set Isom⊗(ων(G)(−), ω◦(−)) admits an action of G(AνC) × π1(S, s¯) where G(A
ν
C) acts
through ω◦(−) by tannakian formalism and π1(S, s¯) acts through ων(G)(−). For a compact
open subgroup H ⊆ G(AνC) we define a rational H-level structure γ¯ on a global G-shtuka G
over S ∈ NilpÂν to be a π1(S, s¯)-invariant H-orbit γ¯ = Hγ in Isom
⊗(ων(G)(−), ω◦(−)).
Now we define ∇H,Ẑn H
1(C,G)ν:
Definition 3.8. Let (G, Zˆ, H) be a ∇H -data in the above sense. We denote by
∇H,Ẑn H
1(C,G)ν
the category fibered in groupoids, whose category of S-valued points ∇H,Ẑn H
1(C,G)ν(S)
parametrizes tuples (G, γ¯), consisting of a global G-shtuka G together with a rational H-
level structure γ¯ such that the corresponding local Pνi-shtuka ωνi(G) is bounded by Zˆνi for
every 1 ≤ i ≤ n.
This finally establishes the assignment
(G, Ẑ, H) 7→ ∇H,Ẑn H
1(C,G)ν.
The moduli stack ∇H,Ẑn H
1(C,G)ν is a formal algebraic stack according to [AraHar], and
lies over a completed fiber product of reflex rings RẐ := RẐν1
×ˆ . . . ×ˆRẐνn . Note that the
above assignment is functorial with respect to the morphisms between two ∇H -data. The
functoriality with respect to H , allows to equip the inverse limit
∇∗,Ẑn H
1(C,G)ν := lim
←−
H
∇H,Ẑn H
1(C,G)ν,
and hence it’s cohomology, with Hecke operation; see [AraHar16][Definition 3.4].
The category of GLn-shtukas∇H
1(C,GLn)(Fq) with quasi-isogenies as the set of morphisms
is equivalent with the category of C-motives MotνC(Fq). The latter category can be defined
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over a general field L/Fq and generalizes the category of t-motives, see [And] and [Tae].
Furthermore MotνC(Fq) is a semi-simple tannakian tensor category, equipped with a fiber
functor
ω(−) :MotνC(Fq)→ Fq.Q− V ector Spaces,
see [AraHar16] and also [Ara18]. Note that this is despite the complicated situation over num-
ber fields, where the corresponding fact only relies on the Tate conjecture and Grothendiecks
standard conjectures. This allows one to define the corresponding motivic groupoid P :=
MotνC(Fq)(ω) and identify a morphism ϕ : P→ GG with a G-shtuka G in ∇H
1(C,G)(Fq);
see [AraHar16].
3.4.1 Rapoport-Zink spaces for local P-shtukas and their local models
In analgy with the Shimura variety side we define
Definition 3.9. A local ∇H -data is a tuple (P, Zˆ, b) consisting of
- A smooth affine group scheme over P with connected reductive generic fiber P ,
- A local bound Zˆ in the sense of Definition 2.7.
- A σ-conjuagacy class of an element b ∈ P (F((z))).
To a tuple (P, Zˆ, b) of local ∇H -data one may associate a formal scheme Mˇ(P, Zˆ, b)
which is a moduli space for local P-shtukas together with a quasi-isogeny to a fixed local P-
shtuka L, determined by the local ∇H -data. In analogy with number fields, they are called
Rapoport-Zink spaces (for local P-shtukas). These moduli spaces were first introduced and
studied in [HV11] for the case where P is a constant split reductive group over D, and then
generalized to the case where P is a smooth affine group scheme over D with connected
reductive generic fiber in [AraHar14]. Let us briefly recall the construction of these formal
schemes.
Let L be a local P-shtuka over F. The bound Zˆ determines the reflex ring RZˆ . Consider
the following functor
MˇL : (NilpRˇ
Zˆ
)o −→ Sets
S 7−→
{
Isomorphism classes of (L, δ); where:
−L is a local P-shtuka over S and
− δ : LS → LS is a quasi-isogeny
}
.
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Here S is the closed subscheme of S defined by ζ = 0. By rigidity property of quasi-isogenies
Proposition 2.5, this functor is equivalent with the functor introduced in Proposition 2.6,
and therefore is representable by F̂ℓP,R
Zˆ
. Now we define the following sub-functor
Definition 3.10. Let Zˆ = ([R, ZˆR]) be a bound with reflex field RZˆ .
(a) We define the Rapoport-Zink space for (bounded) local P-shtukas, as the space given by
the following functor of points
Mˇ
Zˆ
L : (NilpRˇ
Zˆ
)o −→ Sets
S 7−→
{
Isomorphism classes of (L, δ) : where:
− L is a local P-shtuka
over S bounded by Zˆ and
− δ : LS → LS a quasi-isogeny
}
.
(b) Let Z denote the special fiber of Zˆ over κ. We define the associated affine Deligne-
Lusztig variety as the reduced closed ind-subscheme XZ(b) ⊆ FℓG whose K-valued
points (for any field extension K of F) are given by
XZ(b)(K) := {g ∈ FℓP(K) : g
−1bσ∗(g) ∈ Z(K)}
The following theorem ensures the representability of the above functor by a formal
scheme locally formally of finite type.
Theorem 3.11. The functor Mˇ
Zˆ
L is ind-representable by a formal scheme over Spf RˇZˆ
which is locally formally of finite type and separated. It is an ind-closed ind-subscheme of
FℓP×̂Fq Spf RˇZˆ . Its underlying reduced subscheme equals XZ(b), which is a scheme locally
of finite type and separated over F, all of whose irreducible components are projective. The
formal scheme representing it is called a Rapoport-Zink space for bounded local P-shtukas.
Proof. See [AraHar14, Theorem 4.18].
The data (P, Zˆ, b) determines the reflex ring RZˆ , see Definition 2.7, and a local P-shtuka
L := (L+P, bσˆ), and thus we may establish the assignment
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(P, Zˆ, b) 7→ Mˇ(P, Zˆ, b) := Mˇ
Zˆ
L .
Bellow, in analogy with Shimura variety side, we discuss the local model theory and uni-
formization theory for G-shtukas. Note here that these theories again rely on the analogs
of the crucial facts (∗) and (∗∗), where have been established in [AraHar14, Proposition 5.7
and Theorem 5.10]. In particular, in analogy with the Serre-Tate theorem, one can prove
that for a nilpotent thickening S → S, and a global G-shtuka G over S, the following natural
morphism
DefoS/S(G)→
∏
νi
DefoS/S(ωνi(G))
between deformation spaces is an isomorphism. This suggests that one can study the local
properties of Rapoport-Zink spaces for local P-shtukas by constructing so called local model
diagram.
We let M˜ZˆL be the space associated to the following functor of points
M˜ZˆL : (NilpRˇ
Zˆ
)o −→ Sets
S 7−→
{
(L := (L+, τ), δ, γ); consisting of (3.4)
− (L, δ) ∈ MˇZˆLand
− a trivialization γ : σˆ∗L+→˜L
+P
}
Bellow we state the local model theorem for Rapoport-Zink spaces for P-shtukas. We post-
pone the proof to 3.4.3.
Theorem 3.12. Let (P, Zˆ, b) be a local ∇H -data and set MˇZˆL := Mˇ(P, Zˆ, b). There is a
roof of morphism
M˜ZˆL
MˇZˆL Ẑ,
π
⑧⑧
⑧⑧
⑧⑧ πloc
❄
❄❄
❄❄
❄❄
(3.5)
satisfying the following properties
(a) the morphism πloc is formally smooth and
(b) the L+P-torsor π : M˜ZˆL → Mˇ
Zˆ
L admits a section s
′ locally for the e´tale topology on
MˇZˆL such that π
loc ◦ s′ is formally e´tale.
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3.4.2 Points of moduli of G-shtukas mod ν and uniformization theory
Let (G, Ẑ, H) be a ∇H -data. We consider the category of C-motives MotνC(Fq). It is a
semi-simple tannakian category with fiber functor ω : MotνC(Fq) → Fq(C)-vector spaces.
Furthermore it is equipped with crystalline realization ωνi (at the characteristic place νi)
and e´tale realization functor ων (away from characteristic places νi). For a detailed account
on the construction of the category MotνC(Fq), its properties and realization functors, see
[Ara18]. Let P denote the corresponding groupoid MotνC(Fq)(ω). Recall that giving an
admissible morphism ϕ : P → GG is equivalent with fixing a global G-shtuka G over an
algebraically closed field k. So let us fix a global G-shtuka (G
0
, γ¯0) with characteristic ν,
bounded by Zˆ, with H-level structure γ¯0 = Hγ0 ∈ H\ Isom
⊗(ων(G
0
), ω◦). It defines a point
in ∇H,Zˆn H
1(C,G)ν(k). We fix a representative γ0 ∈ Isom
⊗(ων(G
0
), ω◦) of γ¯0. Let IG
0
(Q)
(equivalently Iϕ0(Q)) be the group QIsogk(G0) of quasi-isogenies of G0. Let (Li)i=1...n :=
(ωνi(G0))i denote the associated tuple of local Pνi-shtukas over k. Let us fix a trivialization
Li = (L
+P, bi). Let Mˇ(Pνi, Ẑνi, bi) denote the corresponding Rapoport-Zink space. By
Theorem 3.11 the product
∏
i
Mˇ(Pνi, Ẑνi, bi) := Mˇ(Pν1, Ẑν1, b1)×̂k . . . ×̂kMˇ(Pνn , Ẑνn, bn)
is a formal scheme locally formally of finite type over RẐ := RẐν1
×̂ . . . ×̂RẐνn . Note that the
group JLi(Qνi) = QIsogk(Li) of quasi-isogenies of Li over k acts naturally on Mˇ(Pνi, Ẑνi, bi).
In particular we see that the group IG
0
(Q) acts on
∏
i Mˇ(Pνi, Ẑνi, bi) via the natural mor-
phism
IG
0
(Q) −→
∏
i
JLi(Qνi), α 7→
(
ωνi(α)
)
i
. (3.6)
The uniformization theorem [AraHar, Theorem 7.4] for the moduli of G-shtukas, states
the following
(a) There is an IG
0
(Q)-invariant morphism
Θ′ :
∏
i
Mˇ(Pνi, Ẑνi, bi)×G(A
ν
Q)/H −→ ∇
H,Zˆ
n H
1(C,G)ν ×̂Fν Spec k.
Furthermore, this morphism factors through a morphism
Θ: IG
0
(Q)
∖∏
i
Mˇ(Pνi, Ẑνi, bi)×G(A
ν
Q)/H −→ ∇
H,Zˆ
n H
1(C,G)ν ×̂Fν Spec k
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of ind-algebraic stacks over RẐ which is ind-proper and formally e´tale. Note that both
morphisms are compatible with the action of G(AνQ) which acts through Hecke-corres-
pondences on source and target, see [AraHar, Remark 7.5].
(b) Let {Tj} be a set of representatives of IG
0
(Q)-orbits of the irreducible components of
∏
i
Mˇ(Pνi, Ẑνi, bi)×G(A
ν
Q)/H.
Then the image Θ′(Tj) of Tj under Θ
′ is closed and each Θ′(Tj) intersects only finitely
many others. Let Z denote the union of the Θ′(Tj) and let ∇H,Zˆn H
1(C,G)ν/Z be
the formal completion of ∇H,Zˆn H
1(C,G)ν ×̂Fν Spec k along Z. Then Θ induces an
isomorphism of formal algebraic stacks over RẐ
ΘZ : IG
0
(Q)
∖∏
i
Mˇ(Pνi, Ẑνi, bi)×G(A
ν
Q)/H
∼−→ ∇H,Zˆn H
1(C,G)
ν
/Z .
Remark 3.13. One can formulate a function field analog of Langlands-Rapoport conjecture,
which describes the points of the special fiber of∇H,Zˆn H
1(C,G)ν/Z in terms of group theoretic
data; see [AraHar16]. See also Remark 3.4.
We summarize the above discussion in the following table. We then prove Theorem 3.12
in the next subsection.
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Number Fields Function Fields
The group G over Q The group G over C
characteristic p characteristic ν = {νi}
Gp := G×Q Qp Pνi
S→ GR n-tuple of boundedness conditions Zˆ
A compact open subgroup K ⊆ G(AQ) A compact open subgroup H ⊆ G(AC)
Shimura data (G, X,K) ∇H -data (G, Zˆ, H)
reflex ring OE of the reflex field E =
E(G,X,K)
reflex ring RZˆ
The canonical integral model SK Moduli stack ∇H,Zˆn H
1(C,G)ν
Local Shimura data (P, {µ}, [b]) Local ∇H -data (P, Zˆ, [b])
p-divisible groups and (iso-)crystals (with
additional structure)
Local (P-)Shtukas
Rapoport-Zink space Mˇ(P, {µ}, [b]) over the
reflex ring OEµ
Rapoport-Zink space Mˇ(P, Zˆ, [b]) over the
reflex ring RZˆ
The local model Mloc The scheme Zˆ
The local Model diagram
M˜(G, {µ}, [b])
Mˇ(G, {µ}, [b]) Mloc,
π
⑧⑧
⑧⑧
⑧⑧
⑧
πloc
❄
❄❄
❄❄
❄❄
The local Model diagram
M˜(P, Zˆ, [b])
Mˇ(P, Zˆ, [b]) Ẑ,
π
⑧⑧
⑧⑧
⑧⑧
⑧
πloc
❄
❄❄
❄❄
❄❄
The category of motives Mot(Fq) with real-
ization functors ωℓ(−) and ωp(−)
The category of C-motives MotνC(Fq) with
realization functors ων(−) and ωνi(−)
fiber functor ω(−) : Mot(Fq) → Q-vect. sp.
(conjectural)
The fiber functor ω : MotνC(Fq) → Q-vect.
sp.
quasi-motivic galois gerb Q The motivic groupoid P :=MotνC(F)(ω)
The uniformization map
∐
ϕ
Iϕ(Q)\Mˇ(G, [bϕ], {µ})×G(A
p
f )/K
Θ ↓
SK
The uniformization map
∐
ϕ
Iϕ(Q)
∖∏
i
Mˇ(Pνi, Ẑνi, bi)×G(A
ν
Q)/H
Θ ↓
∇H,Zˆn H
1(C,G)ν ×̂Fν Spec k
The analogy between Shimura varieties and moduli of G-Shtukas
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3.4.3 Proof of the local model theorem for Rapoport-Zink spaces for local P-
shtukas
Proof. of Theorem 3.12. Sending the tuple (L := (L+, τL), δ, γ) to (L+, γ◦τ
−1
L ) defines a map
M˜ZˆL → F̂ℓG,Rˇ
Zˆ
. As the local P-shtuka L is bounded by Zˆ, this morphism factors through
Zˆ; see Definition 3.4. This defines the map πloc : M˜ZˆL → Zˆ.
Take a closed immersion i : S0 → S defined by a nilpotent sheaf of ideals I. Since I is
nilpotent, there is a morphism j : S → S0 such that the q-Frobenius σS factors as follows
S
j //
σS
  
S0
i // S.
Let (L0+, τL0, δ0, γ0) be a point in M˜
Zˆ
L (S0) and assume that it maps to (L0+, g0) under
πloc. Furthermore assume that (L+, g : L→˜(LP )S) lifts (L0+, g0) over S, i.e. i∗L = L0 and
i∗g = g0 = γ0 ◦ τ
−1
L0
.
Consider the following diagram
S0
(L0+,τL0 ,δ0,γ0)//
i

M˜ZˆL
πloc

S
(L+,g)
//
α
88
MˇZˆL .
To prove a) we have to verify that there is a map α that fits in the above commutative
diagram.
We construct α : S → M˜ZˆL in the following way. First we take a lift γ : σ
∗
SL+→˜(L
+P)S
of γ0 : σ
∗
S0
L0+→˜(L+P)S0. To see the existence of such lift one can proceed as in [HV11,
Proposition 2.2.c)]. Namely, regarding the smoothness of P, one first observes that if a torsor
gets mapped to the trivial torsor under Hˇ1(Se´t, L
+P)→ Hˇ1(S0,e´t, L+P), it must initially be
a trivial one. Consider an L+P-torsor L+ over S. It can be represented by trivializing cover
S ′ → S and an element h′′ ∈ L+P(S ′′), where S ′′ = S ′ ×S S ′. A given trivialization γ0 of L+
over S0 is given by g
′
0 ∈ L
+P(S ′0) with p
∗
2(g
′
0)p
∗
1(g
′
0)
−1 = h′′0, where h
′′
0 is the image of h
′′ under
L+P(S ′′)→ L+P(S ′′0 ) and pi : S
′′ → S ′ denotes the projection to the i’th factor, i = 1, 2. Take
a trivialization β of L+, given by f ′ ∈ L+P(S ′) with p∗2(f
′)p∗1(f
′)−1 = h′′. We modify it in
the following way. Let f ′0 be the restriction of f
′ to S0. We have p
∗
2(f
′−1
0 g
′
0) = p
∗
1(f
′−1
0 g
′
0) and
therefore f ′−10 g
′
0 induces t0 ∈ L
+P(S0). By smoothness of P this section lifts to t ∈ L+P(S).
The element g′ := t · f ′ lifts g′0 and satisfies p
∗
2(g
′)p∗1(g
′)−1 = h′′, thus induces the desired
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trivialization γ. This ensures the existence of the lift γ.
The morphism α is given by the following tuple
(L+, τL, δ, γ) := (L+, g
−1 ◦ γ, τL ◦ j
∗δ0 ◦ γ
−1 ◦ g, γ).
Notice that
i∗(L+, τL, δ, γ) = i∗(L+, g−1 ◦ γ, τL ◦ j∗δ0 ◦ γ−1 ◦ g, γ)
= (L0+, i∗g−1 ◦ γ0, τL ◦ σ∗δ0 ◦ τ
−1
L0
, γ0)
= (L0+, τL0, δ0, γ0)
and that πloc(L+, τL, δ, γ) = (L, g).
Now we prove part b). We take an e´tale covering M′ → MˇZˆL such that the universal
L+P-torsor Luniv+ admits a trivialization γ
′ : Luniv+,M′→˜(L
+P)M′ . This yields the section
M˜ZˆL
π
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤ πloc
  ❅
❅❅
❅❅
❅❅
❅
M′ //
s′ ,,
MˇZˆL Zˆ .
corresponding to the tuple (Luniv+ , δ, σ
∗γ′). Consider the following diagram
S0
(L0+,τL0 ,δ0,γ
′
0
)
//
i

M′
πloc◦s′

S
(L+,g)
//
α′
88
Zˆ .
We want to find (L+, τL, δ, γ
′) with g = σ∗γ′τ−1L . First we construct
(L+, τL, δ, γ) ∈ M˜
Zˆ
L (S).
Since σ∗γ′ = j∗i∗γ′ = j∗γ′0, we take γ := j
∗γ′0. This gives the morphism δ according to the
following commutative diagram
L Loo
g
$$■
■■
■■
■■
■■
■
σ∗L
τL
OO
σ∗L
OO
j∗δ0
oo
j∗γ′
0
∼ // (LP )S .
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and furthermore determines τL, we set
y :=
(
L+, g
−1j∗γ′0, τL ◦ j
∗δ0 ◦ j
∗γ′−10 ◦ g, j
∗γ′0
)
∈ M˜ZˆL (S)
with πloc(y) = (L+, g) ∈ Zˆ(S). The section s′ sends (L0+, τL0, δ0, γ
′
0) to
(L0+, τL0 , δ0, γ0 = i
∗j∗γ′0 = σ
∗
S0γ
′
0) = i
∗y ∈ M˜ZˆL (S0).
Consider the point
π(y) = (L+, τL, δ) ∈ Mˇ
Zˆ
L (S)
with i∗π(y) = (L0+, τL0 , δ0). Then, sinceM
′ → MˇZˆL is e´tale, there is a unique γ
′ : L→˜(L+P)S
with i∗γ′ = γ′0. Note that
γ := σ∗γ′ = j∗i∗γ′ = j∗γ′.
This ensures the existence of α′ which is given by (L+, τL, δ, γ′). To see the uniqueness let
(L+, τL, δ, γ′) ∈ M′(S) with i∗(L+, τL, δ, γ′) = (L0, τL0+ , δ0, γ
′
0) and
πloc(L+, τL, δ, γ
′) := (L+, σ
∗γ′τ−1L ) = (L, g).
Therefore L+, τL = g−1σ∗γ′ = g−1j∗γ′0 and δ = τL ◦ j
∗δ0 ◦ j∗γ
′−1
0 ◦ g are uniquely determined
and provide a point in MˇZˆL (S) and then γ
′ is also uniquely determined.
4 Some applications of the local model
Bellow we discuss some applications of the local model theorem 3.12.
4.1 Local properties of R-Z spaces
Consider the Serre conditions Si and Ri in the sense of [EGAIV, §5.7 and 5.8]. We say that
a group P satisfies Si (resp. Ri) if all singularities occurring in the orbit closures of the orbits
under the L+P action on FℓP satisfy Si (resp. Ri). For example a parahoric P with tame P
satisfies Si for all i, as well as R0 and R1, according to [PR08, Theorem 8.4].
Corollary 4.1. We have the following statements:
a) The Rapoport-Zink space MˇZˆL is flat over its reflex ring RZˆ if ζ is not a zero divisor
in OZˆ .
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b) The Rapoport-Zink space MˇZˆL satisfies Si (resp. Ri) if Zˆ satisfies Si (resp. Ri). In
particular MˇZˆL satisfies Si if P satisfies Si and ζ is not a zero divisor in OZˆ .
Proof. The part a) is clear according to Theorem 3.11 and Theorem 3.12 and that the
henselization morphism R→ Rh is faithfully flat.
Again the first statement of part b) follows from Theorem 3.12 and the fact that satisfying
Ri (resp. Si) is an e´tale local property. For the second statement, since the element ζ is
regular and by definition Z satisfies Si, we argue that Zˆ satisfies Si.
4.2 Kottwitz-Rapoport stratification
In the rest of this section we assume that P is a parahoric group scheme. This in particular
implies that FℓP is ind-projective. Fix a boundedness condition Zˆ and a local P-shtuka L
as before and set Mˇ := MˇZˆL . The local model diagram induces a smooth morphism
Mˇ → [L+P\Zˆ]
of formal algebraic stacks; see [Ara12, Section 2.1]. This further induces a morphism Mˇs →
L+P\Z of the special fibers. As a set L+P\Z, is given by {xω}ω corresponding to the orbits
of the L+P-action on Z, indexed by a finite subset of the affine Weyl group W˜ associated
with P . The preimages of xω define a stratification {Mˇω}ω on Mˇ by smooth sub-schemes
Mˇω. The closure relation between these strata is given by the natural Bruhat order on W˜
and one may set Mˇω := ∪λωMˇλ.
4.3 Semi-simple trace of Frobenius
Let S := Spf R be a formal spectrum of a complete discrete valuation ring R, with spe-
cial point s and generic point η, with residue fields k := κ(s) and K := κ(η), respec-
tively. Consider the Galois group Γ = Gal(κ(η)/κ(η)) and the inertia subgroup I :=
ker (Γ→ Gal(κ(s)/κ(s))), where κ(s) is the residue field of the normalization S of S in
κ(η).
For a formal scheme X, locally of finite presentation over R, we let Xη denote the associate
K-analytic space in the sense of [Ber]. Let Xs denote the geometric special fiber. To the
following diagram
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Xη −−−→ X ←−−− Xsy
y
y
η −−−→ S ←−−− s
one associate the following functor of nearby cycles
RΨX : Dcb(Xη,Qℓ)→ D
c
b(Xs × η,Qℓ)
F 7→ i
∗
Rj∗Fη,
see [Ber]. Here Fη denotes the restriction of F to Xη.
Consider the spectral sequence of vanishing cycles
Ep,q2 := H
p(Xs, R
qΨXQℓ)⇒ H
p+q(Xη,Qℓ). (4.7)
This spectral sequence is equivariant under the action of the Galois group Γ. Note that the
induced filtration on V = H∗(Xη,Qℓ) is admissible in the following sense that it is stable
under the Weil group action and that I operates on grW• (V) through a finite quotient. This
allows to define the semi-simple trace of Frobenius trss(Frq;RΨ
X
xQℓ) on the stalk RΨ
X
x of
the sheaf of nearby cycles at x.
Let us set Mˇ := MˇZˆL and κ = κẐ . Let κr/κ be a finite extension of degree r. One may
introduce the following function
Mˇ(κr)→ Qℓ
x 7→ trss(Frobr;RΨMˇx Qℓ).
Here Frobr denotes the geometric Frobenius in Gal(κr/κr). Let y be the image of a point
y′ in M′ above x, under πloc ◦ s′. Since semi-simple trace is e´tale local invariant, we have
trss(Frobx;RΨ
Mˇ
x (Qℓ)) = tr
ss(Frobr;RΨ
Zˆ
yQℓ).
Note that when Ẑ comes from a cocharacter µ of P , the right hand side admits a description
in terms of the associated Bernstein function zµ,r, lying in the center of the corresponding
(parahoric) Hecke algebra, according to the Kottwitz’s conjecture; see [HRi1].
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4.4 Lang’s cycles on Mˇη
The assumption that P is parahoric, implies that FℓP is ind-projective. Consequently, the
boundedness condition is provided by a proper sub-scheme Zˆ ⊆ F̂ℓP. This allows to push
forward cycles along Mˇ ×R
Zˆ
Zˆ → Mˇ.
Assume that the local model, and consequently Mˇ are flat over RZˆ , see Corollary 4.1. Let
Z be the scheme theoretic image of M′ under the map f given by the following diagram
M′
e´t
!!
e´t
&&
f
$$❏
❏❏
❏❏
❏❏
❏❏
❏
Mˇ ×R
Zˆ
Zˆ //


Zˆ

Mˇ // RZˆ .
(4.8)
See proof of Theorem 3.12. Recall that the morphism M′ → Mˆ is a trivializing cover for
the universal L+P-torsor Luniv+ over Mˇ, and hence surjective. Consider the spaces Mˇη and
Zˆη, and view Z as a correspondence Zˆ  Mˇ, thus regarding the above spectral sequence
4.7, the pull-back and push-forward of the cycles on the special fibers, in the usual sense,
induce the following morphism
Z : H i(Zˆη,Qℓ)→ H
i
c(Mˇη,Qℓ). (4.9)
Note that the special fiber Z of Zˆ is a union of affine Schubert varieties. Let us assume
that Z is irreducible. In this case we have Z = S(ω) for some ω ∈ W˜ . Composing with the
Gal(η/η)-equivariant isomorphism H i(Z,RΨQℓ) ∼= H
i(Zˆη,Qℓ), yields
H i(Z,RΨQℓ)→ H
i
c(Mˇη,Qℓ). (4.10)
To study the cohomology of Z one can proceed by using decomposition theorem [BBD]
in the following context. First, consider Demazure resolution ̺ : Σ(ω) → Z of singularities
of Z, see [Ric13a, Corollary 3.5]. The Demazure variety Σ(ω) can be viewed as a tower of
iterated fiberations with homogeneous projecrive fibers; see [Ric13a, Remark 2.9]. Thus one
can implement Leray spectral sequence, together with the decomposition theorem, to analyze
the cohomology of Z. Assuming that the resolution ̺ is semi-small (this is for example the
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case when P is constant, i.e. P := G ×Fq SpecFq[[z]] for split reductive G over Fq, or when
the Schubert variety Z = S(ω) is (quasi-)minuscule), we can even argue that the motive
M(Z) is a direct summand of M(Σ(ω)), and consequently mixed Tate. Here M(X) denote
the motive associated with a scheme X , in the sense of [FSV], in the motivic category
DMgm(k,Q). Also see [CM] and [AraHab] for the motivic versions of the decomposition
theorem and Leray-Hirsch theorem, respectively. In particular we see that Chi(Z) is finite.
Let us further assume that Z is smooth; see [HRi2] for a list of such Schubert varieties. Then
the isomorphism Chi(Z) ∼= Hom(M(Z),Q(i)[2i]), see [MVW, Theorem 14.16 and Theorem
19.1], gives
M(Z)→ Chi(Z)∨ ⊗Q(i)[2i].
Here Chi(Z)∨ denotes the dual vector space. Summing up over all i, we obtain the following
decomposition
M(Z)→˜ ⊕i Ch
i(Z)⊗Q(i)[2i],
Finally notice that composing 4.10 with the cycle class map, one obtains
Ch∗(Z)→ H∗c (Mˆη,Qℓ).
This endows H∗c (Mˆη,Qℓ) with a module structure over finitely generated algebra Ch
∗(Z).
In particular we may formulate the following corollary.
Corollary 4.2. Let Zˆ be a boundedness condition with irreducible smooth special fiber Z.
Let Mˇ := MˇZˆL denote the corresponding Rapoport-Zink space for local P-shtukas. Then,
regarding the above construction H∗c (Mˇη) carries a module structure over finite Q-algebra
Ch∗(Z).
Remark 4.3. To deduce a similar statement when the special fiber Z is not irreducible, one
may use the Rapoport-Zink weight spectral sequence. Alternatively, one can implement the
filtration described in [AraHab, Lemma 3.3]. This in particular shows that M(Z) is mixed
Tate and consequently the corresponding Chow groups are finite.
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